[Abstract] A theoretical analysis of electronic-resonance-enhanced (ERE) coherent anti-Stokes Raman scattering (CARS) of NO is discussed. The time-dependent density matrix equations for the nonlinear ERE-CARS process are derived and manipulated into a form suitable for direct numerical integration (DNI). In the ERE-CARS configuration considered in this paper, the pump and Stokes beams are far from In addition, we have developed a numerical code to simulate single-shot ERE CARS spectra acquired using a broadband Stokes beam. We have included the multimode structure of both the broadband Stokes beam (~50 cm -1 FWHM) and the ultraviolet Stokes beam (0.2 cm -1 FWHM).
electronic system of NO molecule. Experimental spectra are obtained either by scanning the ultraviolet probe beam while keeping the Stokes frequency fixed (probe scans) or by scanning the Stokes frequency while keeping the probe frequency fixed (Stokes scans). The calculated NO ERE-CARS spectra are compared with experimental spectra, and good agreement is observed between theory and experiment in terms of spectral peak locations and relative intensities. The saturation of the Raman transition is found to be dependent on the level of saturation of the electronic transition, and vice versa. The effect of Stark shifting of the upper level of the probe transition induced by high laser intensities in the pump and/or Stokes beams is discussed.
In addition, we have developed a numerical code to simulate single-shot ERE CARS spectra acquired using a broadband Stokes beam. We have included the multimode structure of both the broadband Stokes beam (~50 cm -1 FWHM) and the ultraviolet Stokes beam (0.2 cm -1 FWHM).
I. Introduction
Nitrogen oxides (NO x ) are important air contaminants which are of great environmental concern.
NO x is produced mainly in combustion processes associated with power and energy production, and nitric oxide (NO) is the predominant form of NOx produced in these processes. Minimizing NOx emissions is a major goal for most of these applications. Laser based non-intrusive techniques such as laser-inducedfluorescence (LIF) have been used for many years for measurements of OH and NO in premixed, nonpremixed, and partially-premixed flames at atmospheric and higher pressures [1] [2] [3] [4] . For quantitative measurement using LIF, one needs to determine the electronic quenching rate coefficient. In most practical combustion processes, this is very difficult or impossible to accomplish because of the lack of information concerning major species concentrations and temperature. Interferences from O 2 , CO 2 and other species, absorption of the excitation laser beam and of the NO fluorescence signal limit applications of LIF for quantitative measurements of NO in flames, especially at high pressures. Coherent anti-Stokes Raman scattering (CARS) has been applied successfully for temperature and major species concentration measurements in flame environments [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . In two-beam CARS, the frequency difference of the pump beam (ω p ) and the Stokes beam (ω s ) is tuned into resonance with a Raman allowed transition of the detected molecule, and the signal beam is at the anti-Stokes frequency ω as = 2ω p − ω s . However, the application of CARS for minor species detection and measurement is hindered by the coherent interference between the non-resonant four-wave-mixing (FWM) signal and resonant CARS signal from the Raman resonance of interest. The non-resonant FWM signal dominates the third order non-linear susceptibility when the Raman-active species presents in low concentration. Polarization techniques can be used to increase the signal-to-noise ratio. However, the resonant CARS signal is also reduced using these techniques [18] . A few groups have used electronic-resonance-enhancement (ERE) in CARS to increase the resonant CARS susceptibility. Electronic-resonance enhancement occurs when the frequency of one or more laser beams in the CARS process is tuned into resonance with a suitable electronic transition(s).
ERE-CARS has been demonstrated to significantly increase the resonant CARS signal, resulting in a much lower detection limit than non-ERE CARS. ERE CARS studies of I 2 [19] , C 2 [20] , OH [21] , CH [22, 23] have been reported. However, in these previous ERE-CARS studies, the frequencies of pump, Stokes, and probe beams were all at or near electronic resonance. In the ERE-CARS study reported in present paper, the frequencies of the visible pump and Stokes beams are far from electronic resonance, and only the ultraviolet probe beam is at or near electronic resonance. This constitutes a major difference compared with previous ERE-CARS studies. This visible pump and Stokes, ultraviolet probe (VPS, UVPr) configuration simplifies the experimental configuration and theoretical analysis without sacrificing detection sensitivity. The Raman pumping process in the VPS, UVPr configuration is separated from the electronically resonant probe process. The effects of absorption are minimized for the pump and Stokes beams. This configuration also enables the use of much higher pump and Stokes laser irradiances for the Raman pumping process to further reduce the detection limit. We have investigated the VPS, UVPr configuration of ERE-CARS for nitric oxide measurement of concentration in a number of recent studies [24] [25] [26] [27] [28] . ERE-CARS measurements were also performed for acetylene in [29] .  electronic system of the NO molecule. A significant electronic resonance enhancement was observed. Theoretical analyses of the third order nonlinear susceptibility in the perturbative limit (low laser irradiances) have been performed for ERE-CARS [30] [31] [32] . Recently, our group performed a perturbative analysis of the visible pump, Stokes, ultraviolet probe (VPS,UVPr) configuration for NO ERE-CARS [33] . Collisional effects were investigated for molecular dynamics in NO ERE-CARS [34] . The ground-state coherence was found to be insensitive to the rate of collisional decay of the excited electronic level. A six-level model was developed by Patnaik et al. [35] and used to study the effect of collisional energy transfer and dephasing on ERE-CARS of NO.
ERE-CARS was shown to be insensitive to the collisional quenching rate. The NO ERE-CARS signal was also found to be less dependent on collisional effects under saturating laser fields.
For high laser irradiances, Stark effects [36] [37] [38] and saturation of Raman transitions [39, 40] can both become important. Rahn et al. [36] reported the first observation of shifts in the molecular vibrational and rotational frequencies induced by an optical field which was not resonant with the molecular transition frequencies. The magnitude of the shift was predicted to be proportional to the optical field intensity.
Farrow and Rahn [37] reported the first observation of optical Stark splitting of a molecular Raman transition. These authors indicated that the magnitudes of the splittings were significant even at moderate pulsed-laser powers. These laser-induced Stark effects are thus important in high-resolution nonlinear spectroscopy involving rotational transitions.
In most CARS experiments, saturation of the Raman transition is carefully avoided by limiting the pump and Stokes laser irradiances. In the perturbative limit, the CARS spectral line-shapes remain constant, regardless of the laser irradiance. However, as discussed in this paper, it may be advantageous to saturate the Raman and/or probe transitions to lower the detection limit and to reduce the dependence of the signal strength on collision rates. In some cases, saturation is unavoidable, and a better understanding of saturation effect on the spectral line shapes and magnitudes is thus required. Saturation in CARS without electronic-resonance enhancement has been attributed to sufficient perturbation of the molecular ground state population due to stimulated Raman scattering (SRS). Duncan et al. [41] reported the first observation of saturation broadening in high resolution CARS spectra of acetylene in a pulsed supersonic molecular beam. Wilson-Gordon et al. [45] studied saturation effects in CARS with possible electronic-resonanceenhancement (the pump beam was in resonance with an electronic transition). The dependence of CARS signal power on pump and Stokes laser beam powers was investigated for a two-level system without electronic resonance and a three-level system with electronic resonance. They discussed both steady state (coherent pumping processes much slower than incoherent decay processes) and fully transient (pumping processes much faster than decay processes) contributions to CARS signal intensity. Analytic solutions were derived for both two-and three-level systems.
In this paper, non-perturbative theoretical methods are used to analyze the ERE CARS interaction and saturation effects can be studied. The time-dependent density matrix equations for the (VPS,UVPr) configuration of ERE-CARS are first derived. The density matrix equations are then manipulated into a form suitable for numerical integration. The coherence terms in the density matrix equations are calculated in the steady state limit in the case of large frequency detuning and by direct numerical integration (DNI) in the case of small detuning. The Zeeman state structure of the rotational levels is included in the calculations. The collisional rates between various energy levels and dephasing rates are incorporated in the calculations. A comparison of theoretical and experimental spectra is presented for two different types of spectra. In the first case, the probe laser frequency was scanned while the Stokes frequency was fixed;
in the second case, the Stokes laser was scanned while the probe frequency was fixed. These two cases presented different spectral features and were studied separately. The model developed in this paper is demonstrated both for the perturbative limit (low laser irradiances) and in the saturation regime (high laser irradiances). In the end, the effects of collision rates on the ERE-CARS signal were studied.
II. Theoretical Model
The time dependent density matrix equations for a multi-state system irradiated by laser radiation are given by [46] [47] [48] , 
where
is the electric dipole matrix element (C-m) and ( , ) E r t   is the electric field of the laser (J/C-m). The laser field is given by,
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where 1 e  , 2 e  , and 3 e  are the complex unit vectors for the pump, Stokes, and the probe field, respectively.
The unit vectors describe the polarization states of the field ( 
The general formulas in Eqns. (1) and (2) are now applied to the ERE-CARS case for measurements of NO. Figure 1 shows the general structure of the model. In the development of the density matrix equations, energy levels are designated using upper case letters and quantum states are designated using lower case letters. Levels G and E are specific rotational levels in vibrational levels in the Only the ground vibrational manifold of this excited electronic level is included in the calculations. In general, there are numerous excited electronic levels that are single-photon coupled with the upper and lower energy levels, E and G, respectively, of the Raman process. Inclusion of all of these excited electronic energy levels in the ERE-CARS code is computationally intractable; in any case, the transition strengths between these excited electronic energy levels and the energy levels in the X level were the same as those used by Paul [51] , and Luque and Crosley [50] , respectively. The density matrix equations for the different coherences among states g, e, s, and k in levels G, E, S, and K, respectively, and the populations of these states were derived and manipulated into a form suitable for numerical analysis. For the single-photon coherences kg  and ke  , the pump, Stokes, and probe laser frequencies are very far from resonance, and we calculate these terms using the steady state approximation. 
The detailed derivations and results for these coherences and population terms are given in [52] .
The time-dependent equations for the coherences and population terms are solved using a variable-order Adams-Bashforth-Moulton predictor-corrector method. The time-dependent electric field amplitudes A 1 (t), A 2 (t), and A 3 (t) for the pump, Stokes, and probe beams are specified for the numerical calculations. The pulse amplitudes are assumed to have Gaussian envelopes and the peak temporal position and full-width-at-half-maximum (FWHM) of the envelope functions are specified as input parameters. The amplitude FWHMs are 12 ns and the pulses are assumed to be Fourier-transform limited. The peak laser irradiance for each of the pulses is specified as an input parameter. The collisional rates and dephasing rates among various energy states are also specified as input parameters. Specifically, the rotational energy 
Multiplying through by
, we obtain the amplitude 40 4 ( , ) P t  of the polarization at frequency 4  , 40 4 4 ( , ) ( )
The amplitude of the ERE-CARS signal will be proportional to 40 4 ( , ) P t  , and in the absence of the nonresonant FWM contribution, the ERE-CARS signal will be proportional to 
In the experiment, the non-resonant FWM signal was suppressed using a polarization technique and therefore only the resonant ERE-CARS signal was calculated.
III. Experimental System and Procedures
The experimental system for the ERE-CARS measurements of NO is shown in Fig. 2 . A brief description of the experimental system is given here; a detailed description can be found in [27] . The second harmonic output at 532 nm from an injection-seeded, Q-switched Nd:YAG laser was used to pump a tunable narrowband dye laser (Continuum Model ND6000). The output of the dye laser was at approximately 704 nm, and LDS698 laser dye was used in the dye laser. The third harmonic output at 355 nm from the same Nd:YAG laser was sum-frequency-mixed (SFM) with the 704 nm laser beam using a β -BBO non-linear optical crystal in a feedback controlled harmonic generator (Inrad Model Autotracker III).
The wavelength of the SFM beam was approximately 236 nm, and this beam was used as the probe laser.
A fraction of the second harmonic output from this Nd:YAG laser was used as the pump laser at 532 nm. scanned. This was due to the non-linear character of the SFM generation process for the probe beam. In this way, we were able to account, at least approximately, for the probe energy variations in the data reduction process.
A non-resonant suppression polarization scheme was used in the ERE-CARS signal generation process [18] . The linear polarizations of the pump, Stokes beams were set at 60º with respect to the vertical axis, and the probe beam was vertically polarized. The generated ERE-CARS signal was nearly vertically polarized, and the non-resonant FWM signal was generated with a linear polarization at 30º with respect to the vertical axis. An analyzing polarizer was used and the transmission axis of the analyzing polarizer was set to be perpendicular to the polarization of the non-resonant FWM signal. In this way, the non-resonant FWM signal was suppressed to a minimum level, and the overall signal-to-noise ratio was increased. Nonresonant scattering of the probe beam was a major issue in the early stages of the ERE-CARS experiment, contributing a significant background signal. This background was strong because the small frequency difference between the probe laser and the ERE-CARS signal and the polarizations of the two beams were approximately the same. Thus, four filters were used in the experiment to eliminate scattering from the probe beam. By using the 215 nm mirrors at 0º incidence, a low-pass filter is formed that transmits 70% at 226 nm but only 1% at 236 nm [24] . The ERE-CARS signal was finally isolated using a 1-m spectrometer (SPEX Model 1000M) and detected using a solar-blind photomultiplier tube (PMT-Hamamatsu Model R7154).
IV. Results and Discussion
Results for Probe scans Figure 3 shows a comparison between density matrix calculations and narrowband scanning ERE-CARS spectra of NO for 100 ppm NO at 1 atm. The probe laser was scanned from 42280 to 42400 cm -1 . uncertainties in the measurement of the beam profiles, and to the multimode frequency character of the Stokes and probe beams. However, they are within a factor of ten for all the comparisons presented in this paper. In the experimental study of ERE-CARS of NO, the stability of laser beam frequency and timing is of vital importance to the generated signal. the probe frequency is in resonance with the Q 1 (7.5) and R 1 (1.5) transitions in the same band. Good agreement between density matrix calculations and experimental ERE-CARS spectra is evident in terms of the positions, relative strengths, and line-widths of the transitions. The peak laser irradiances used in the calculations and the pulse energies used in the experiment were the same as those in Fig. 3 . An accidental electronic resonance can be seen in panel (b) where the probe laser wavelength is also in resonance with R 1 (1.5) electronic transition along with the targeted Q 1 (7.5) electronic transition.
Results for Stokes scans

Saturation Effects in ERE-CARS of NO
Saturation in CARS in the absence of electronic resonance enhancement is attributed to significant population pumping from the lower to the upper Raman level via a stimulated Raman pumping process. In the ERE-CARS process of NO, the probe laser beam can deplete the population that is pumped in the upper Raman level if the probe irradiance is sufficiently high. Thus, the saturation phenomenon becomes more complicated owing to the interactions between the Raman transition and the electronic transition. The effects of collisions within the energy levels that are directly coupled with the laser beams and the collisional bath levels further increase the complexity of the problem. Finally, AC Stark shifting of the UV probe transition is significant at high pump and Stokes intensities. Raman shift for Q 1 (7.5) Raman transition is 1875.0 cm -1 . For Figs. 5a , 5b, and 5c, the probe energy was fixed at 0.05 mJ, while the pump and Stokes energies were increased from 1 mJ to 10 mJ from Fig. 5a to Fig. 5c . The pump and Stokes energies were fixed at 2 mJ for Fig. 5b and Fig. 5d , while the probe energy was increased from 0.05 mJ to 1.5 mJ. The corresponding peak laser irradiance for the pump, Stokes, and probe laser is shown in the figure using a beam diameter of 50 µm for the pump and Stokes beams and 100 µm for the probe beam. Pulse duration of 7 ns was used. By comparing Figs. 5a, 5b, and 5c, we can see that the individual spectral lines are broadened for increasing pump and Stokes irradiances. The clearly distinguishable lines in Fig. 5a become nearly indistinguishable in Fig. 5c . By comparing Figs. 5b and 5d,
we can see the broadening of lines due to the increasing irradiance of the probe laser. 
V. Modeling of Single-Shot ERE-CARS of NO Using a Broadband Stokes Dye Laser
Although much of our early work in ERE CARS was performed using a narrowband commercial 
VI. Conclusions and Future Work
A non-perturbative, time-dependent model of the ERE-CARS measurements of NO has been developed. This analysis is based on the DNI calculation of the time evolution of density matrix elements.
The temporal pulse shapes of the lasers and the laser irradiances are input parameters in the DNI numerical modeling, along with the collision rates between laser-coupled levels and bath levels. The calculation is inherently far from steady state, which is usually assumed for perturbative analyses. Good agreement is observed between experiment and theory for low and high probe laser irradiances, and for low to moderate pump and Stokes irradiances. At high pump and Stokes laser irradiances, however, the AC Stark effect 
